This paper examines the relation between the expected return and the conditional variance using three conditional error distributions 1) the conditional normal error distribution, 2) the Generalized Error Distribution, and 3) the skewed student's t distribution. Using a GARCH-M model modified by allowing skewness in mean, we find support for a significant and positive mean/variance relation when the skewed student's t-distribution is used. Our results show that the time variations in conditional skewness influence the dynamics of the conditional mean and conditional variance, as reflected by the reduced volatility persistence and a significant mean/variance relationship. This further stresses the point that there is an intimate relation between return, volatility and skewness; within the GARCH-M framework, conditional skewness plays a role analogous to heteroskedasticity by smoothing out the conditional mean and conditional variance process.
Introduction
There is general agreement among researchers that the assumption of risk-averse individuals implies a positive relationship between risk and return at a given point of time. Most researchers also agree that the positive relationship should be found across time. Using stock market volatility as a proxy for risk implies that in times of higher volatility higher expected returns will be required. However, Glosten et al. (1993) argue that this might not be the case. Precautionary savings may arise when riskier times are expected, thus increasing demand and price for risky assets if no risk-free investment is available. They also argue that individuals may be better able to bear certain types of risk under certain periods. If these periods coincide with periods of higher stock market volatility, the mean/variance relationship may be negative.
Empirical studies on the return and volatility relationship over time have produced very mixed results. The tool most commonly used to empirically test the relationship between the expected returns and conditional variance is the GARCH-M model and its various extensions. The major advantage of this model is that it allows the conditional expected return and the conditional variance to be estimated jointly while it also makes the conditional expected return explicitly dependent on the conditional variance or standard deviation.
Many studies including Campbell (1987) , Nelson (1991) , Chan et al. (1992) , Campbell and Hentschel (1992) fail to find a significant mean/variance relationship 1 . French et al. (1987) find a positive relationship and Pagan and Hong (1991) and Glosten et al. (1993) find a negative relationship. Most of these studies have assumed a symmetric conditional distribution. The ARCH specification can capture some of the excess kurtosis observed in stock returns, but excess kurtosis is often found in the residuals of an ARCH-type model especially when high frequency data is used. Besides excess kurtosis, it is also necessary to account for the asymmetry typically found in stock returns. Nelson (1991) and Glosten et al (1993) use asymmetric variance specifications to capture the asymmetric effect of positive and negative shocks on volatility. Since symmetric distributions are used in both studies, the response of return shocks to future volatility will in principle still be symmetric. This contradiction between model specification and distributional assumption could potentially bias the coefficient estimates of volatility asymmetry. Additionally, the two studies assume constant conditional distributions that could be restrictive in the presence of timevarying means and variances. Hansen (1994) introduces a skewed student's t-distribution that allows for time varying shape parameters in the conditional distribution. The Hansen study shows that there is significant time variation in the third and fourth central moments of the distribution when fitted to U.S. T-bills and the Dollar/Swiss Franc exchange rate.
Hansen lets the degrees of freedom (tail thickness parameter) vary between 2 and 30, since 2 is a mathematical lower bound for the density distribution and the upper bound is chosen because when the degrees of freedom reaches 30, the distribution is very close to normal. The parameter that controls skewness is constrained to lie between -1 and 1.
Hansen's study shows that it is important to capture the time variations in skewness and kurtosis when trying to model the conditional mean and variance. Few studies have used these findings to model the mean/variance relationship, Harvey and Siddique (1999) being one exception. Harvey and Siddique (1999) 
introduce a non-central t-distribution
with time varying parameters for skewness and kurtosis. Skewness is modelled in the same spirit as the variance process (see equation 3), which means that Harvey and
Siddique implicitly assume that skewness exhibits clustering and time variations. They find that the time-varying conditional skewness is important and that the inclusion of conditional skewness impacts the persistence in conditional variance.
There are several explanations for the mixed empirical results regarding the mean/variance relation. First of all, the conditional variance equation might be missspecified since the true volatility generating process is unobservable. The ARCH-type model also represents a strict subset of the real conditioning information available to investors. If skewness were indeed priced according to the findings of Harvey and Siddique (2000) , then prior studies that have used under-specified mean equations would result in biased parameter estimates if the omitted variables (such as skewness)
were correlated with the included variables. Another possibility is that volatility could be an imperfect proxy for risk, and the mean/variance relation may not be equivalent to the risk/return relation as postulated by economic theory. In view of this gap, we set out to investigate the mean/variance relationship using three different conditional distributions, namely the conditional normal error distribution, the Generalized Error Distribution (GED) and the skewed student's tdistribution. This enables us to approach the problem in two important ways: first, the procedure is comparative in settings. The first two conditional distributions -normal error distribution and GED are restricted to be constant, while skewed student's t distribution is allowed to have time varying shape parameters. Second, the procedure is progressive with respect to the shape of the distribution. The conditional normal error distribution assumes symmetric and normal shape, the GED allows for fat tails but is still symmetric, the skewed student's t distribution allows for both asymmetry and fat tails. Through this set of comparisons, we intend to detect whether and how different distributional assumptions affect the conditional mean and conditional variance process, and whether the use of a more flexible conditional distribution is related to the existence of a mean/variance relationship. The application is on daily value-weighted returns for three market indices: the S&P500 Index, the DAX Index, and the FTSE100 Index, and the sample period is from Jan. 2, 1990 to Dec. 29, 2000.
The paper proceeds as follows: section 2 further details the relationship between the mean/variance ratio and the conditional distribution; section 3 gives the empirical data set; section 4 presents the empirical results under various distributional assumptions; section 5 provides the diagnostic test for the results; finally, section 6 concludes the paper. 
The Mean/variance Relation and the Conditional Distribution
It is reasonable to characterize a linear and positive relation between the expected return and the conditional variance of excess return on stocks. An expected increase in volatility raises the required return on equity, consistent with the theme that investors demand higher returns for bearing more risk. Many attempts for measuring this tradeoff between mean and variance have led to conflicting results, mainly from studies using the standard GARCH-M model. Various techniques have been tried to resolve this conflict. For example, Glosten, Jagannathan, and Runkle (1993) The standard GARCH-M model (Engle, Lilien, and Robins 1987) assumes normally distributed errors and explicitly makes the expected return linearly dependent upon the conditional variance. This dependence, however, will diminish if sampled returns are indeed conditionally normally distributed. Since a normal distribution is symmetric in shape, and the symmetry implies a zero correlation between the expected return and volatility. Despite the normality assumption, the unconditional distribution of ARCH process has been shown to have tails thicker than the normal distribution. Even with this property, the ARCH type models with symmetric distributions are unable to represent the asymmetric feature of empirical return distribution, and the residuals can still be skewed and fat-tailed. Therefore the inability to model return asymmetry could result in spuriously correlated mean and variance, this partially explains why empirical returns that can be modeled as GARCH-M processes more often support a non-zero mean/variance relation in practice despite the associated normality assumption.
That return distributions are often asymmetric and highly leptokurtic directly questions the normality assumption underlying the standard GARCH-M model, because the excesses in skewness and kurtosis could potentially create spurious dependence between conditional mean and variance. That skewness and kurtosis are time varying also renders constant distributional assumptions unrealistically restrictive. Thus, a desirable extension is to explicitly consider time-varying shape parameters in the conditional distribution, like the case in Hansen (1994) . This naturally enables us to accomplish two purposes: first, the more flexible distributional assumption allows returns to be correlated with future volatility, which in principle supports the notion that there is a relation between the expected return and conditional variance; second, including skewness in the modelling framework allows us to test whether the timeseries skewness has a significant impact on the conditional mean and conditional variance process.
The following specification makes the expected return dependent on the conditional variance and skewness:
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where the dependent variable t r is the excess return, defined as the return on stock over and above the risk-free interest rate; the conditional variance of excess return, t h , is defined in equation (2) as following a GARCH(1,1) process; t s is the conditional skewness of excess return, it is also autoregressive as the conditional variance process but without an intercept, this in effect forces 1 γ to be the same as unconditional skewness; t r is assumed to be distributed as skewed student's t (Hansen 1994) variables.
The density function for the skewed student's t (Hansen 1994 ) is given as follows: 
To allow more flexible probability densities, the laws of motion for the shape parameters t η and t λ are specified as in Hansen
which is a function of lagged errors 1 − t ε , and
which is a logistic transformation of t λ ; the parameter t η is constrained to lie in the region [L, U] as in equation (9), where L and U denote the lower and upper bound of the degrees of freedom parameter, respectively. The specifications in (8) and (9) It should be stressed that our tests for the distributional assumptions in relation to the mean/variance ratio are not limited to the specific choice of the skewed student's t density function; alternative specifications might have better properties.
To see how the conditional distribution with time varying shape parameters performs relative to other types of distribution, we estimate two other GARCH-M models using conditional normal errors and Generalized Error Distribution (GED) (Nelson 1991) , respectively. The GARCH-M specification for the condition variance is given by
2 The time-varying specifications for the dynamics of t λ and t η are not restricted to equations (8) and (9), other possible specifications like specifying both shape parameters as quadratic functions of 1 − t ε are also given in Hansen. where t r is normally distributed when conditional normal density is used, and a GED variable when the conditional GED is used. The density function for the normal distribution is written as
and the density function for a GED (Nelson 1991 ) distributed random variable
, where
For υ = 2 the GED is identical to a normal distribution and for υ < 2, the kurtosis is greater than 3.
The rationale for having different distributional assumptions for the GARCH-M specification is as follows: Firstly, the conditional normal distribution implies uncorrelated mean and variance, as well as zero excess skewness and kurtosis. Also the fat-tailed and symmetric properties of the ARCH process that models conditional variances are inadequate to capture the excess skewness and kurtosis in empirical returns, the excesses could in turn lead to spuriously correlated mean and variance. Thus empirically we might expect a zero (if returns are indeed normally distributed) or nonzero (if returns are not normally distributed) mean/variance ratio for returns modeled as ARCH processes. Secondly, the Generalized Error distribution allows for kurtosis but not skewness and includes normal as a special case, the symmetric property also implies that in principle excess returns are conditionally uncorrelated with changes in conditional variance, same as the case with normal distribution. The difference lies in possible reduction in the tail weight due to the explicit modeling of the kurtosis parameter. Thirdly, the skewed student's t-distribution allows for both kurtosis and skewness; such explicit consideration of asymmetry and fat tails gives us reason to expect significantly correlated mean, variance and skewness, that is, priced volatility and skewness. In sum, different distributional assumptions can lead to very different mean/variance relations, ceteris paribus. risk preferences 3 , then the inclusion of skewness adds another possibility: a negative mean/skewness ratio induced by asymmetric risk preferences, i.e. for negatively skewed portfolios, investors demand higher expected returns.
Data
The data sets in this paper include daily continuously compounded value-weighted returns on the S&P500 Index (U.S.), the DAX Index (Germany) and the FTSE100 (UK). The samples are from Jan. 2, 1990 to Dec. 29, 2000, for a total of 2869 observations 4 . Table 2 presents the summary statistics for daily returns on S&P500, FTSE100 and DAX. The summary statistics show that S&P500 and DAX are left-skewed while FTSE100 is right-skewed. All else equal, FTSE100 is more desirable to hold as a portfolio, since on average there is a larger probability to get positive returns than negative returns of a given magnitude. The opposite is true for S&P500 and DAX. All series have excess kurtosis compared to normal, and overall the Jarque-Bera normality tests show strong departure from normality. Hence, the asymmetric and fat-tailed feature of the data provides support for us to proceed with the skewed student's t density assumption. The Ljung-Box Q-statistics show strong first and second moment effects, suggesting that the sources of autocorrelation could be time varying risk premium and time varying conditional variance, which is among the issues that we intend to examine.
Empirical Results
Our estimation procedure is multi-step: first, the standard GARCH-M specification (10) and (11) is estimated using respectively the conditional normal distribution and the Generalized Error Distribution (GED); next, equations (1), (2) and 3 That is, if variance is a proper risk proxy, then a risk-averse investor will demand a higher expected return for a given risk, postulating a positive relation between mean and variance. In this sense, investors' degree of risk aversion can be measured by the mean/variance ratio. 4 We use the log returns of S&P500, DAX and FTSE100 in the estimation process; this essentially assumes that the risk-free rate of return is zero. Our purpose is to preserve the distributional characteristics of the original indices. This is in response to the fact that the returns on the risk-free proxies have distinctly different distributional characteristics as the returns on indices.
(3) are estimated using the skewed student's t-distribution. The summary statistics are for continuously compounded value-weighted returns on the S&P500 Index (U.S.), the DAX Index (Germany) and the FTSE100 (UK). The samples are from Jan. 2, 1990 to Dec. 29, 2000, a total of 2869 observations. Ljung-Box Q-statistics for return level (Qstat) and return squared (Q2stat) are in all cases significant at 5%. Jarque-Bera Normality tests show strong departure from normality for all series. Table 3 presents the results for S&P500 daily returns. In the conditional normal GARCH-M model, the relation between the expected return and the conditional variance, as measured by 2 β , is positive but insignificant. Thus the S&P500 returns modelled as ARCH processes still display excesses in skewness and kurtosis, these excesses could result from inconsistent distributional assumptions and lead to a nonzero 2 β . In the GED model, the coefficient linking the conditional variance to the expected return 2 β is also positive and insignificant, suggesting that simply allowing for thicker tail itself does not contribute to explain the mean/variance relation in this case.
The results for the skewed student's t model are quite telling. The mean and variance trade-off, the GARCH-M parameter 2 β , is now positive and significant at 1%, that is, volatility is priced and of the correct sign. Thus the asymmetric feature that distinguishes the skewed student's t-distribution from the other two symmetric distributions could be the cause for this significant mean and variance relation. This finding says that periods of high volatility are generally associated with high returns.
The GARCH term 2 α in the conditional variance equation is persistent in all cases, though the degree of persistence declines from 0.953 (GED) to 0.686 (skewed t). This is consistent with the notion that the ARCH process depicts a specific type of nonlinear dependence that leads to predictable changes in volatility. Since volatility is priced and persistent, an anticipated increase in volatility would raise the expected return thus lower current stock prices, which supports the volatility feedback story of volatility asymmetry, i.e. changes in conditional volatility induce return shocks. The intercept in the conditional variance equation, 0 α , is larger for the skewed student's t model than that in the other two models. Since the skewed t model explains a substantial portion of the time-varying conditional variance or smoothes it out such that there is a lesser degree of heteroskedasticity in the conditional variance, the constant portion of the conditional variance, as measured by the intercept 0 α , is expected to play a relatively larger role.
Another distinctive feature of the skewed student's t model is that it allows time varying shapes in the conditional distribution. This is in direct contrast to the other two models-the conditional normal and GED GARCH-M; these two models share one common assumption, namely constant conditional error distribution. Comparing the estimates from different models, we speculate that the assumption for constant versus time-varying conditional distribution could also affect the significance of the mean/variance relationship, for the fact that the mean and variance processes are also time varying.
In the conditional skewness equation for the skewed student's t model, the unconditional skewness parameter 1 γ is insignificantly different from zero; the autoregr- The t-Statistics are reported with * denoting significance at 5%, **denoting significance at 3%, ***denoting significance at 1%. γ is significant and negative (-0.698), suggesting that period of high skewness are followed by period of low skewness. The skewness-in-mean estimate 3 β , is negative and insignificant, implying that investors might have asymmetric risk preference but on average do not systematically acknowledge large return surprises of either sign. Harvey and Siddique (1999) argue that the time series variations in conditional skewness can be viewed as analogous to heteroskedasticity. In that case, the inclusion of skewness in the conditional mean equation plays the role of correcting for heteroskedasticity, this might indirectly contribute to the significance of the mean/variance ratio 2 β and explain the insignificance of the mean/skewness ratio, i.e. changing skewness has no permanent effect on the level of expected return.
Finally, the log likelihood function value is substantially improved, from -3540
(GARCH) to -2235 (skewed t). Overall, the time varying specification of skewness and kurtosis in the skewed student's t model appears sufficient to account for the asymmetry and heavy tails in S&P500 returns.
In tables 4 and 5, the results for FTSE100 and DAX show similar pattern to S&P500. When the skewed student's t-distribution is used, 2 β , the parameter for the relation between the expected return and the conditional variance, is positive and significant. French, Schwert, and Stambaugh (FSS) (1987) The results also suggest that including conditional skewness in the specification might impact the dynamics of the conditional volatility and conditional mean. This is because that the time varying conditional skewness possesses the characteristics of heteroskedasticity (Harvey and Siddique, 1999) , and the inclusion of skewness is analogous to modeling heteroskedasticity to obtain more efficient estimates. Turning to another interesting perspective, Campbell and Hentschel (1992) note that the volatility feedback effect can become extremely important during periods of high volatility and can have significant impact on the conditional skewness of returns. The above arguments point out that there exists a relationship between the conditional mean, cond- The results presented in this table are obtained using models under different distributional assumptions. GARCH model uses Normal Error Distribution; GED stands for Generalised Error Distribution, which permits thicker tails but still assumes symmetrical shapes; Skewed t uses Skewed Student's t Distribution that permits both thicker tails and asymmetric shapes. The sample includes continuously compounded value-weighted returns on the FTSE100 Index from Jan. 2, 1990 to Dec. 29, 2000, a total of 2869 observations. The t-Statistics are reported with * denoting significance at 5%, **denoting significance at 3%, ***denoting significance at 1%. The t-Statistics are reported with * denoting significance at 5%, **denoting significance at 3%, ***denoting significance at 1%. conditional mean to volatility, and volatility is less persistent and priced when conditional skewness is included in the modeling framework.
Conditional Mean Equation:
Our results also have economic significance. The significant and positive mean and variance trade-off suggests that an anticipated increase in variance risk will change investors' prices of risk and raise the required return. The conditional skewness captures the asymmetries in returns, which implies a negative skewness and return trade-off. The finding that conditional skewness is time varying and not priced, however, indicates that the return surprises at the extreme ends does not lead investors to permanently revise their return expectations.
Diagnostic Tests
We focus the diagnostics on the properties of the standardized residuals. The Ljung-Box Q-statistics investigate serial correlation in the first and second moments.
Provided that the models are well specified, they should produce residuals that have standard normal distribution implied by the underlying econometric theory. The Qstatistics in tables 6, 7 and 8 clearly shows that there is no evidence of second order dependence in all the three indices and for different models. The case is different for the first moment test. For daily returns on S&P500, conditional normal GARCH and skewed t show no dependence in the standardized residuals, but the standardized residuals for GED is serially correlated at 3%. For daily returns on DAX, it turns out that first order dependence still exists for all the three models. Since we have restricted our specification to the standard GARCH-M model, the diagnostics for DAX suggest that there might be other economic variables important in driving the expected return of DAX, or simply, there is a lot of noise in the data. Evidence for FTSE100 in Table 7 , on the other hand, shows that the model is robust against both the first moment and second moment tests.
Next, we compare another set of statistics of the standardized residuals, namely skewness and kurtosis. For daily returns on the S&P500, the skewness of the standardized residuals ranges from -0.443 (GED) to -0.334 (skewed t) and kurtosis shows a steady decline from 5.498 (GARCH) to 3.941 (skewed t). That is, the skewed student's t-distribution sees the most reduction in both asymmetry and fat tails, and is a comparison, the statistics for DAX in Table 8 shows that the standardized residuals for the skewed student's t model are more negatively skewed though less thickly tailed compared to the other two models. Overall, the GARCH-M model using the skewed student's t-distribution performs the best in some important ways. It survived the two conditional moment tests for the standardized residuals as measured by the Ljung-Box Q-statistics, and produced residuals that exhibit substantial reduction in asymmetry and fat tails. This suggests that there is little evidence of misspecification (as suggested by this particular set of diagnostic tests) using skewness and time varying shapes in the conditional distribution.
The time-varying shape parameters are allowed to vary as a function of conditional errors, as in Hansen. Hence, any implications might be restricted to the specific set of parametric specifications. The diagnostics are focused on the properties of the standardized residuals. We report LjungBox Q-statistics for standardized residuals and standardized residual squared. The Q-statistics for standardized residuals are insignificant at 5% level for GARCH and Skewed t models, but significant at 3% level for GED. The Q-statistics for standardized residual squared are in all cases insignificant at 5%. Skewness and Kurtosis for standardized residuals are presented below the Q-statistics.
The t-Statistics are reported with * denoting significance at 5%, **denoting significance at 3%, ***denoting significance at 1%. The diagnostics are focused on the properties of the standardized residuals. We report Ljung-Box Qstatistics for standardized residuals and standardized residual squared. The Q-statistics for standardized residuals and standardized residual squared are in all cases insignificant at 5%. Skewness and Kurtosis for standardized residuals are presented below the Q-statistics. The t-Statistics are reported with * denoting significance at 5%, **denoting significance at 3%, ***denoting significance at 1%. The diagnostics are focused on the properties of the standardized residuals. We report LjungBox Q-statistics for standardized residuals and standardized residual squared. The Q-statistics for standardized residuals are in all cases significant at 1%, while the Q-statistics for standardized residual squared are unanimously insignificant at 5%. Skewness and Kurtosis for standardized residuals are presented below the Q-statistics.
The t-Statistics are reported with * denoting significance at 5%, **denoting significance at 3%, ***denoting significance at 1%.
Conclusions
When skewness and time varying shapes are incorporated into the conditional distribution of the GARCH-M model, there is a positive and significant relation between the conditional mean and conditional variance of excess return on stock; in addition, there is a substantial reduction in persistence in volatility. The findings support the volatility feedback story of volatility asymmetry, namely an anticipated increase in volatility raises the expected return and lowers current stock prices. We have shown that the conditional normal distribution is often violated in the standard GARCH-M model, and the Generalized Error Distribution that permits thicker tails does not fare better.
Alternative specifications that allow for time varying shapes in the conditional density outperform the constant parameter conditional distribution.
There is also evidence that conditional skewness is time varying (consistent with Harvey and Siddique 1999) and has significant impact on the expected return and conditional volatility. There seems to be an intimate relation between the expected return, conditional variance and conditional skewness. The inclusion of conditional skewness influences the persistence in the conditional variance and contributes to the significance of the relation between the expected return and conditional variance.
Following the spirit of Harvey and Siddique (1999) , we suggest that conditional skewness plays the role of smoothing out the conditional mean and conditional variance process, analogous to correcting for heteroskedasticity to obtain efficient estimates.
The estimation of time-varying moments also put to test asset-pricing models that impose higher moment restrictions, and is important in understanding the return, risk and skewness feature of different assets. It also provides us some insights as to whether asset returns should include a component attributable to the higher moments.
